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Abstract
The interaction of water waves with circular plate within the framework of a linear theory is considered. The plate lies
on the free surface in water of nite depth. The integral transform technique is used to solve this problem. The problem
is reduced to a system of dual integral equations for a spectral function. The way to solve these equations consists in
converting them into Fredholm integral equation of the second kind. The asymptotic solutions of this equation are obtained.
Representations for diraction eld and for the forces on the plate are given. c© 1999 Published by Elsevier Science B.V.
All rights reserved.
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1. Introduction
Diraction of water waves by a horizontal circle plate on free surface (dock problem, DP) belongs
to the class of three-dimensional diraction problems for axisymmetric bodies with vertical axis (DP).
The scattering of water waves by a partly immersed circular dock in water of nite depth has
been treated in [8,5,3].
Miles and Gilbert [8] formulated this problem and reduced it to a Fredholm integral equation of
the rst kind with symmetrical kernel. They suggested the variational method to solve this equation.
Garret [5] considered the same problem and transformed it into a innite set of linear algebraic
equations of the second kind.
Black et al. [3] applied Schwinger’s variation formulation to solve this problem. The approach
of these papers was based on the matching of the dierent solutions in two regions, under the
plate and outside the plate. Essentially in all these papers an expansion of the solution in a set of
eigenfunctions with discrete spectral parameter with respect to vertical coordinate are used.
In the present paper we study a limiting case of the dock-problem; a circular plate lying on
the free surface. We use the integral transform with continuous spectral parameter for horizontal
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coordinate. In this case the problem can be formulated as a mixed boundary value problem and it
can be reduced to a system of dual integral equations. The standard way to solve this equations
is known; it was applied to solve the mixed problems of applied mathematics and mechanics. The
reviews of the works in this direction can be found in [11,13].
However, the DP has the features: the wave condition on free surface and the radiation condition
at innity. This fact requires an extension of the dual equations method. In our previous paper [4],
this technique was developed for the quasi-plane dock problem.
The main goal of the present paper is to extend the method of dual integral equations to the DP
for a circular plate.
2. Formulation of the problem
We consider the three-dimensional wave motion within the framework of linear wave theory.
Suppose that there is a xed circular horizontal plate with the radius a located on the free surface
of water of nite constant depth d.
We introduce a cylindrical coordinate system (r; #; z), in which (r; #)-plane coincides with the
undisturbed free surface and z-axis is oriented vertically upwards. The origin of this coordinate
system is taken in the centre of the plate.
The uniform wave train is incident on the plate. This train can be written by a complex-valued
potential
’0 =
ig0

cosh k(z + d)
cosh kd
ei kr cos #; (2.1)
where 0 is the amplitude of the wave train, g is the gravitational constant, k is the wave number,
and  is the frequency, so that 2 = gk tanh kd.
The velocity potential can be determined through complex-valued potential as Re(’eit). We seek
the solution of the problem in the form
’=
ig0

(0 + ); (2.2)
where 0;  are the dimensionless potentials of the main and perturbed motion.
Let us to introduce dimensionless variables and parameters of the problem (r; z; k; d; =2=g) with
the scale of length a. Then the formulation of the DP takes the following form: Laplace equation;
the wave boundary condition on free surface; the condition of no ow through the plate and the
bottom; the edge condition; niteness condition on the axis of symmetry and Sommerfeld radiation
condition at innity:
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@
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= 0; z =−d; (2.5)
<1; r ! 1; z = 0; (2.6a)
<1; r ! 0; (2.6b)
p
r

@
@r
+ ik

! 0; r !1: (2.7)
The expression for the function V has the following form:
V =−

@0
@z

z=0
=− V ; (2.8)
where
V = exp(ikr cos#):
Eqs. (2:3){(2:8) present a mixed boundary value problem because the conditions on the free
surface (2.4a) and (2.4b) have a circular line r = 1 separating boundary conditions of the dierent
type: Neumann condition under the plate and wave condition outside the plate.
It can be noted that the distribution of the pressure in water p=p=g0 ( is the density of uid)
can be expressed through the potential as
p= 0 + : (2.9)
3. Potential and dual integral equations
We seek the solution of the diraction problem as a Fourier series
=
1X
m=0
fmm(r; z) cosm#; (3.1)
where
fm = f1; m= 0; 2im; m>1g:
For the Fourier component of the function V we obtain V
m
= Jm(kr), where Jm is Bessel function
of the rst kind. Then the solution of the boundary value problem for the function m can be
constructed as an integral with respect to the spectral parameter ,
m =
Z 1
0
Am()s()
cosh (z + d)
cosh d
Jm(r) d; (3.2)
where Am is a spectral function with the following asymptotic behaviour:
Am()s()−1=2 ! 0; !1:
The function s is dened by
s() =

−  tanh d : (3.3)
This function is bounded near zero and at innity so that s(0)=1; s(1)=0; and it has one singular
point  = k. In order to satisfy the radiation condition at innity (2.7) we dene the integral as
290 A.A. Dorfmann / Journal of Computational and Applied Mathematics 110 (1999) 287{304
follows. The symbol
R1
0 stands for the contour integral in the complex plane , whose path in the
integration must run beneath the pole of the integrand.
Thus the representations (3.1), (3.2) satisfy Laplace equation (2.3) and conditions (2:5){(2:8).
Now we wish to full the mixed boundary condition on the free surface (2:4). Substitution of (3.2)
into (2:4) yields dual integral equations with Bessel kernels:Z 1
0
Am()[1− s()]Jm(r) d= Vm(r); 0<r< 1; (3.4)
Z 1
0
Am()Jm(r) d= 0; 1<r<1: (3.5)
4. Fredholm integral equation
Paired equations of the form (3.4), (3.5) are frequently encountered in applied mathematics and
are discussed extensively in the literature (see, e.g., [11,13]). The method of solution in most cases
consists in nding a Fredholm equation for some auxiliary function m(), related to the required
function Am(), where  is a new r-like variable. In this section we follow the approach of Uyand
[13]. We introduce a new function m by
Am() = 
s

2
Z 1
0
p
m() Jm−1=2() d: (4.1)
It can be shown that the homogeneous equation (3.5) is satised identically by (4.1). In order to
prove this identity we study the following integral:
I =
s
2

Z 1
0
Am() Jm(r) d=
Z 1
0

p
 Jm(r) d
Z 1
0
p
m() Jm−1=2() d: (4.2)
Substitution of the representation for  Jm−1=2() by (A.1) and integration (4.2) by parts yields
I =
Z 1
0
p
 Jm(r)f
p
m() Jm+1=2()j10 −
Z 1
0
m+1=2Jm+1=2()
d
d
[−mm()] dg d: (4.3)
It follows from discontinuous integral (A.3a) that the quantity I is equal to zero identically.
Now we transform the inhomogeneous equation (3.4). We introduce a new function V^
m
(r) as
V^
m
(r) = V
m
(r) +
Z 1
0
Am( ) s( ) Jm( r) d : (4.4)
Eq. (3.4) takes the following form:Z 1
0
Am() Jm(r) d= V^
m
(r); 0<r< 1: (4.5)
We use the Hankel integral transform to inverse this relation. As a result we obtain a representation
for the spectral function
Am() = 
Z 1
0
V^
m
(r) Jm(r)r dr: (4.6)
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We insert the integral representation (A.4) for Bessel function into (4.6) and interchange the order
of integration
Am() = 
s
2

Z 1
0
V^
m
(r)r
p
r dr
Z r
0
Jm−1=2()


r
m+1=2 dp
r2 − 2
= 
s
2

Z 1
0
Jm−1=2()m+1=2d
Z 1

V^
m
(r)r1−m
drp
r2 − 2 : (4.7)
Comparison of formulas (4.1) and (4.7) gives the expression for the function m,
m() =
2

m
Z 1

V^
m
()1−m
dp
2 − 2 : (4.8)
Now we rewrite expression (4.4) in the form
V^
m
() = V
m
() +
r

2
Z 1
0

p
 s() Jm() d
Z 1
0
p
m() Jm−1=2() d : (4.9)
Substitution of this representation into (4.8) yields Fredholm integral equation of the second kind
for the function m,
m()−
Z 1
0
Km(; )m() d = Fm(): (4.10)
The expression for the kernel of this equation has the following form:
Km(; ) =
s
2

p

Z 1
0

p
 s() Jm−1=2()Lm(; ) d; (4.11)
where
Lm(; ) = m
Z 1

1−mp
2 − 2 Jm() d:
The function of the right-hand side Fm is dened by
Fm() =
2

m
Z 1

1−m V
m
()p
2 − 2 d: (4.12)
We note that the function Fm can be expressed through the function Lm by
Fm() =
2
Lm(k; ): (4.13)
Now we study the behaviour of the potential at the edge of the plate.
The edge condition was discussed for the potential and diraction problems in [9,13]. It requires
that at the point of intersection of the plate and free surface of the water the potential is bounded
and the vertical velocity has a singular behaviour.
It is clear that the potential (3.2) is bounded by r ! 1 in correspondence with (2.6a). We can show
that the integral representation (3.2) possesses singular behaviour in correspondence with [9,13]. We
calculate the vertical derivative and separate the terms with regular and singular behaviour in the
point of the intersection:
@m
@z

z=0
=
Z 1
0
Am()Jm(r) d+
Z 1
0
[s() tanh d− 1] Jm(r) d:
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Then we transform the rst term of this representation on the basis of representation (4.1) and
relation (A.3a) by r = 1− 0. As a result we obtain the desirable estimate
@m
@z

z=0
= m(1)
1p
1− r2 + O(1); r ! 1− 0:
Let us to determine asymptotic behaviour of the diraction eld at innity or the eld of scattered
waves. We apply Cauchy’s theorem to the integral representation (3.2):
m1 = Am(k)U (k)H
(2)
m (kr)
cosh k(z + d)
cosh kd
: (4.14)
Here H (2)m stands for Hankel function, U (k) =−ik (1 + 2kd=sinh 2kd)−1.
The kernel of the integral equation (4.11) for this case corresponds to the pole of the integrand
and takes the following form:
K1m (; ) =
s
2

p
k kU (k)Jm−1=2(k)Lm(k; ): (4.15)
The substitution of this representation into (4.10) yields the integral equation with separable kernel
1m ()−
2
 k
p
kU (k)Lm(k; )
Z 1
0
1m () Jm−1=2(k)
p
 d =
2
 Lm(k; ): (4.16)
In order to solve this equation we use the known method [14]. Multiplication of (4.16) by
k
p
(k=2)
p
 Jm−1=2(k) and integration of the result over the range  2 [0; 1] gives the closed-form
representation for the integral quantity Am(k),
Am(k) =
~Lm(k)
[1−p2=U (k) ~Lm(k)] ; (4.17)
where
~Lm(k) =
s
2
 k
p
k
Z 1
0
Lm(k; ) Jm−1=2(k)
p
 d:
Expressions (4.14), (4.17) give the representation for the far diraction eld.
5. Transformations of the kernel
Let us transform the function Lm(; ) in the expression for the kernel (4.11). We use the integral
representation for Bessel function (A.4) and interchange the variables (r; ) ! (; ) in it; then we
introduce a new variable of integration y = 2. As a result we obtain
Lm(; ) =
s
2

Z 1
0
Gm(; ) Jm−1=2()
p
 d; (5.1)
where
Gm(; ) =
1
2
()m
Z 1
2
dy
ym
p
(y − 2)(y − 2) ;  6= : (5.2)
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From (5.2) the following closed-form representations can be obtained [6]:
G0(; ) = ln
(
p
1− 2 +p1− 2)pj2 − 2j ; G1(; ) = ln
jp1− 2 − p1− 2jpj2 − 2j ; (5.3)
Gm(; ) =−
p
(1− 2)(1− 2)
2
()m−2 +
(2m− 3)
2
(2 + 2)

Gm−1 − (m− 2)Gm−2; m>2:
It is to be noted that the function Gm is a symmetric function with respect to the parameters (; )
and possesses a weak integrable singularity on the diagonal =  of the square (; ) 2 [0; 1].
Thus the kernel of integral equation (4.11) can also be expressed through the function Gm as
Km(; ) =
Z 1
0
Gm(; )m(; ; k) d; (5.4)
where
m(; ; k) =
2

p

Z 1
0
s() Jm−1=2() Jm−1=2() d: (5.5)
This function is also symmetric with respect to the parameters ; .
Let us reduce the function m. We present it as follows:
m =vm +
p
m ; (5.6)
where the rst term corresponds to the value-principal integral and the second term corresponds to
the pole of the integrand:
vm =
2

p
VP
Z 1
0
s() Jm−1=2() Jm−1=2()2 d; (5.7)
pm =
2k2

p
U (k) Jm−1=2(k)Jm−1=2(k): (5.8)
Representation for the function of the right-hand side of integral equation Fm (4.13) through the
function Gm takes the following form:
Fm() =

2

3=2p
k
Z 1
0
Gm(; ) Jm−1=2(k)
p
 d: (5.9)
We note that the quantity ~Lm(k) of the asymptotic representation (4.17) can be also expressed through
the function Gm as
~Lm(k) =
2
k
2
Z 1
0
Z
Gm(; ) Jm−1=2(k) Jm−1=2(k)
p

p
 d d: (5.10)
Taking into account equality (A.2) we can obtain a simple representation for this quantity for the
rst two components, which can be interpreted as two-dimensional Fourier transform for the function
Gm(; ):
~Lm(k) =
4
2 k
Z 1
0
Z
Gm(; )
0
@ cos k
sin
1
A
0
@ cos k
sin
1
A d d: (5.11)
294 A.A. Dorfmann / Journal of Computational and Applied Mathematics 110 (1999) 287{304
6. System of algebraic equations. Forces on the plate
In this section we reduce the integral equation (4.10) to a innite system of algebraic equations.
We assume the solution of the integral equation (4.10) m to be of the following form [12,10]:
m() = m
p
1− 2
1X
n=0
cmn P
m−1=2;1=2
n (1− 22); (6.1)
where Pm−1=2;1=2n are Jacobi polynomials, and the quantities c
m
n are the unknown coecients of the
expansion.
Substituting (6.1) into (4.10) and taking into account integral (A.5) we obtain a relation
m
p
1− 2
1X
n=0
cmn P
m−1=2;1=2
n (1− 22)−
2
p
2

1X
n=0
cmn
 (n+ 3=2)
n!
Z 1
0
Gm(; )
p
 d

Z 1
0
s()Jm−1=2()J1+2n+m()
p
 d= Fm(); (6.2)
where   is the gamma function.
We multiply (6.2) by mPm−1=2;1=2‘ (1−22); ‘=0; 1; 2; : : :, to carry out the integration of the result
with respect to  over the range (0,1) and take into account the orthogonality relationship for Jacobi
polynomials (A.6). As a result we obtain a system of linear algebraic equations
cm‘ +
1X
n=0
Dmn‘ c
m
n = E
m
‘ : (6.3)
The kernel of this system and the right-hand side function are dened by
Dmn‘ =−
2
p
2

 (3=2 + n)
n!
Z 1
0
Mm‘ () s() J1+2n+m()
p
 d ; (6.4)
Em‘ =

2

3=2p
k Mm‘ (k);
where
Mm‘ () =
1
N‘
Z 1
0
Z
Gm(; )Jm−1=2()P
m−1=2;1=2
‘ (1− 22)m
p
 d d:
The expressions for the dimensionless force and the moment on the plate can be written as follows: 
Q
M
!
= 2
Z 
0

1
cos#

d#
Z 1
0
p(r; #; z = 0)

1
r

r dr; (6.5)
where
Q = Q=2g0a2; M =M=2g0a3:
We decompose the expressions for the force and the moment into two components in accordance
with the representation for the pressure (2.9) as
Q
M

=

Q0 + Q
M 0 +M 

:
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These representations can be rewritten in the following form:0
@ Q0
M
0
1
A=  1−i

1
k
0
@ J1 (k)
J2
1
A ; (6.6a)
 
Q

M

!
=

1
−i
r
2
Z 1
0
0
@0 ()
1
1
A
0
@ J−1=2 ()
J1=2
1
Ap d Z 1
0
s()
0
@ J1 ()
J2
1
Ap d: (6.6b)
The diraction components of the force and moment can be transformed. Substituting (6.1) into
(6.6b) and using integral (A.5) we obtain 
Q

M

!
=

1
−i
p

1X
n=0
 
c0n
c1n
!
 (n+ 3=2)
n!
Z 1
0
s()

J1() J1+2n()
J2() J2+2n()

d

:
7. Deep water approximation, kd 1
7.1. Transformation of the kernel
For this case the function s() takes the form s() = k=(k − ). Consequently, the function s()
can be represented as
 s() =−k

1 +
k
− k

:
We put this representation into (5.5) and use -function expansion for Hankel integral transform
(A.7). Then we obtain -like representation for the function
vm(; ; k) =−
2
 k
s


(− )− k2Rm(; ; k); (7.1)
where
Rm(; ; k) =
2

p
VP
Z 1
0
Jm−1=2()Jm−1=2()

− k d: (7.2)
For the components m=

0
1

the function Rm takes the following form:
Rm(; ; k) =
4
2Tm(; ; k); (7.3)
where
Tm(; ; k) = VP
Z 1
0
0
@ cos 
sin
1
A
0
@ cos 
sin
1
A d
− k : (7.4)
Here, the function Tm can be treated as Hilbert transform [2]. This function is symmetric with respect
to the parameters ; .
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We note that by the derivation (7.4), a known relation between Bessel functions of the half-integer
order and the trigonometric function (A.2) has been used.
Representation (7.4) can be transformed to the form
Tm(; ) =−12
1X
j=0
(−1)( j+m)mfsin kjEjj[+ si(kjEjj)] + cos kEjci(kEj)g; (7.4a)
where
Ej =  + (−1) j :
Integral representation for integral sine si( ) and cosine ci( ) are given in (A.8). Then, we substitute
(7.3) into (7.1) to obtain
vm(; ; k) =−
2
 k
s


(− )− 42 k
2Tm(; ; k): (7.5)
Based on (5.4){(5.8) and (7.5) we can write expressions for the kernel of the integral equation for
the components m=

0
1

in the following form:
Km(; ) =−2 kGm(; )−
4
2 k
2
Z 1
0
Gm(; )Tm(; ; k) d
− 4 k
2i
0
@ cos k
sin
1
AZ 1
0
Gm(; )
0
@ cos k
sin
1
A d: (7.6)
For the components of the complex potential with m>2 the function Rm can be represented as
Rm(; ; k) = Rm(; ) + k ~Rm(; ; k): (7.7)
The components of this function are dened by
Rm(; ) =
2

p

()m
( + )2m
 (m)
 (m+ 1=2) 2
F1

m;m; 2m;
4
( + )2

; (7.8a)
~Rm(; ; k) =
2
2 ()
Z −1
1
T (k)Pm−1()
d

; (7.8b)
where
T (k) = fcos(k)[+ si(k)]− sin(k)ci(k)g; =
q
2 + 2 − 2;
2F1 is the hypergeometric function, and Pm−1 are the Legendre polynomials of the rst kind [1].
In order to calculate the function ~Rm an integral representation for the multiplication of Bessel
functions (A.10) was applied.
Combining formulae (7.1), (7.7) yields an expression for the function
mv(; ; k) =−2 k
s


(− )− k2 Rm(; )− k3 ~Rm(; ; k): (7.9)
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By using (5.4){(5.8) and (7.9) we can reduce the representation for the kernel to the form
Km(; ) =−2 kGm(; )− k
2
Z 1
0
Gm(; ) Rm(; ) d− k3
Z 1
0
Gm(; ) ~Rm(; ; k) d
− 2k3ip Jm−1=2(k)
Z 1
0
Gm(; )Jm−1=2(k)
p
 d: (7.10)
7.2. Long-wave approximation, k1
In order to construct an asymptotic solution of the integral equation (4.10) in the region k1
we present the function Tm as a power series with respect to the wave number. We use the series
representation for integral trigonometric functions (A.9) to obtain
Tm =
1X
j=0
(−1)( j+m)m
1X
n=0
knjEjjn[(B^n + ~Bn ln k) + ~Bn ln jEjj]; (7.11)
where B^n; ~Bn are known numerical coecients of this expansion.
From (7.11) we can obtain an asymptotic representation
Tm =
1X
n=0
lX
j=0
nX
=0
kn(−1)( j+m)mCn(−1) jn−[(B^n + ~Bn ln k) + ~Bn ln jEjj]; (7.12)
where Cn are binomial coecients.
Substituting (7.12) into (7.6) yields an expansion for the kernel
Km(; ) =−2 kGm(; )−
4
2 k
2
1X
n=0
kn
1X
j=0
(−1)( j+m)m
nX
=0
(−1) jCnn−
f(B^n + ~Bn ln k)Gm() + ~BnG^
j;
m (; )g
− 4k
2i
1X
n; ‘=0
(−1)n+‘k2(n+‘)2‘
2
6664
1
(2n)!(2‘)!
G2n0 ()
k2
(2n+ 1)!(2‘ + 1)!
G2n+11 ()
3
7775 : (7.13)
Here integral functions of the quantity Gm are introduced:
G jm() =
Z 1
0
Gm(; )j d; G j;m (; ) =
Z 1
0
Gm(; ) lnj + (−1) jj d:
Now we construct the asymptotic representation for the kernel of the integral equation for the
case m>2. We can write the expression for the function T in (7.8b) as a series
T (k) =
1X
n=0
(k)n[D^n + ~Dn ln(k)]; (7.14)
where D^n; ~Dn are the known numerical coecients of the expansion.
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Based on the (7.8b) the expression for the function ~Rm is
~Rm(; ; k) =
2
2 ()
1X
n=0
kn[(D^n + ~Dn ln k) ~	
n
m(; ) + ~Dn
$
	nm(; )]; (7.15)
where
~	
n
m(; ) =
Z +1
−1
n−1Pm−1() d;
$
	nm(; ) =
Z +1
−1
n−1 ln Pm−1() d:
The expression for the kernel can be written from (7.10) and (7.15) as
Km(; ) =−2kGm(; )− k
2 Gm(; )− 22 k
3
1X
n=0
kn[(D^n + ~Dn ln k) ~G
n
m(; )
+ ~Dn
$
Gnm(; )]−  ik3
1X
n; ‘=0
(−1)(n+‘)k2m+2(n+‘)−1m+2n−1=2Gm+2‘−1=2m ()
22m+2(n+‘)−1(n)!(‘)! (n+ m+ 1=2) (‘ + m+ 1=2)
:
(7.16)
Here the following quantities are introduced:
Gm =
Z 1
0
Gm(; ) Rm(; ) d; ~G
n
m(; ) =
Z 1
0
Gm(; ) ~	
n
m(; ) d;
$
Gnm(; ) =
Z 1
0
Gm(; )
$
	nm(; ) d:
We note that the representations for the kernel of the system (6.3) for the nite depth and for the
kernel of the integral equation for the innite depth are expressed in terms of the function Gm.
Thus we can present the kernel of the integral equation as a power-logarithmic series with respect
to the wave number [4]
Km(; ) = k
1X
n=0
[Mnm(; ) + N
n
m(; ) ln k]k
n; (7.17)
where Mnm; N
n
m are known functions, whose expressions can be determined from (7.13) and (7.16)
Nnm = 0, n= 1; 3; 5; : : : .
The right-hand side function (5.9) of the integral equation (4.10) can be represented as a power
series with respect to the wave number:
Fm() =
1X
n=0
knFnm(): (7.18)
For instance, for the case m=

0
1

we have
Fnm() =
4
2 k
n(−1)n
2
6664
1
(2n)!
G2n0 ()
1
(2n+ 1)!
G2n+11 ()
3
7775 :
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Based on the method of solution for the integral equation of the second kind with a small parameter
[4] we seek the solution of the equation (4.10) in the form a power-logarithmic series:
m() =
1X
n=0
kn
n−1X
=0
n;m () ln
 k; (7.19)
where the quantities n;m are unknown functions to be determined.
Then, we substitute representations (7.17){(7.19) into the integral equation (4.10). Finally, we
equate coecients of successive powers of n; . In this way we obtain a set of recursion relations
for the successive determination of the functions n;m .
For the case n= = 0 we have
0;0m () = F
0
m(): (7.20)
For the parameters n 6= , = 0 we obtain
n;0m () = F
n
m() +
nX
j=1
Z 1
0
Mn−jm (; )
j−1;0
m () d: (7.21)
For the combination  6= 0, <n the following expressions are valid:
n;m () =
nX
j=1
Z 1
0
[Mn−jm (; )
j−1;
m () + N
n−j
m (; )
j−1;−1
m ()] d: (7.22)
The rst two functions obtained in this way are the following:
0;00 () =
4
2G
0
0(); 
1;0
0 () =−
8
3
Z 1
0
G0(; )G00() d: (7.23)
7.3. Forces on the plate
Now we wish to construct expressions for the force and the moment which are valid for the case
k1. We use formulas (6.6b) and the integral representation for Bessel functions (A.11). Then we
obtain
Q

=−k
Z 1
0
0()
p
1− 2 d− 2 k
2
Z 1
0
0() d
Z 1
0
T0(; ; k)
p
1− 2 d
− ikJ1(k)
Z 1
0
0() cos k d; (7.24)
M

=
1
2
ik
Z 1
0
1()
p
1− 2 d+ 1
6
ik2
Z 1
0
1()(1− 2)3=2 d
+
i
3 k
3
Z 1
0
1() d
Z 1
0
T [k( )](1− 2)3=2 d− kJ2(k)
Z 1
0
1() sin k d: (7.25)
Here, we must summarize both lines with the upper and lower signs.
In the derivation of formulas (7.24) and (7.25) the -function expansion for Fourier transforms
and properties of the -function and its derivatives have been used [7]. The expansion for the force
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on the plate can be written similar to (7.19) as
Q

=
1X
n=0
kn
n−1X
=0
Qn; ln k: (7.26)
Then based on formula (7.24), we can obtain
Qn;=−k n;0 −
2
 k
2
1X
=0
k
1X
j=0
X
=0
(−1) jC[n;0; −(B^ + ~B ln k)m + ~BSn; ; ; j]
− ik2
1X
j; ‘=0
(−1) j+‘k2( j+‘)
21+2jj!(1 + j)!(2‘)!
n;0;2‘:
Here the following quantities have been introduced:

n;
0 =
Z 1
0
n;0 ()
p
1− 2 d; n;0; =
Z 1
0
n;0 ()
 d;
m =
8>>>><
>>>>:
sX
j=0
Cjs
(−1) j
(2s+ 3)
; = 2s+ 1
(2s− 1)!!
2s+2(s+ 1)s
; = 2s
; s= 0; 1; 2; : : :
9>>>>=
>>>>;
;
m^j() =
Z 1
0
ln[+ (−1) j]
p
1− 2 d; Sn;;; j =
Z 1
0
n;0 ()m^
j
 ()
− d:
From (7.26) we can determine an asymptotic representation for the vertical force
Q

=− 42 (!1k + !2k
2 + !3k2 ln k) + O(k3; k3 ln k); (7.27)
where
!1 =
Z 1
0
Z
G0(; )
p
1− 2 d d;
!2 =
2

Z 1
0
(Z 1
0
G0(; ) d
)2p
1− 2 d+ 2
Z 1
0
Z
G0(; )m^0()
+
1
2

2
i− 
Z 1
0
Z
G0(; ) d d;
!3 =
1
2
Z 1
0
Z
G0(; ) d d; m^0() =
Z 1
0
ln( )
p
1− 2 d:
8. Shallow water approximation, kd1
For this case we have an approximate representation for the function s(),
s() =
k2
k2 − 2 : (8.1)
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The expression for the function vm (5.7) can be represented in the form
vm =−k2Rm; (8.2)
where
Rm(; ; k) =
2

p
VP
Z 1
0
Jm−1=2()Jm−1=2()
2 d
2 − k2 :
For the two rst components m=

0
1

we can write the following expressions:
Rm =
4
2VP
Z 1
0

cos
sin


cos
sin


 d
2 − k2 : (8.3)
Taking into account an identity

2 − k2 =
1
2

1
− k +
1
+ k

;
the expression for the function Rm can be reduced to Hilbert and Stiltjes integral transform from
trigonometric functions [2]. As a result we obtain the series representation
Rm =− 22
1X
j=0
(−1)( j+m)m

2
sin kjEjj+ [sin kjEjjsi(kjEjj) + cos kEjci(kEj)]

: (8.4)
Then the representation for the kernel becomes
Km(; ) =−k2
Z 1
0
Gm(; )Rm(; ; k) d− 2 k
2i

cos
sin
k
Z 1
0
Gm(; )

cos
sin
k

d: (8.5)
For the case m>2 the following expansion can be used:
2
2 − k2 = 1 +
k
2

1
− k −
1
+ k

:
Taking into account the relations (8.2) we can write
Rm = Rm + k ~Rm: (8.6)
For the components of this representation we have
Rm =
2
2Qm−1($); (8.7a)
~Rm =

2
Z +1
−1
Ts(k)Pm−1()
d

; (8.7b)
where Qm−1 stands for Legendre’s polynomials of the second kind [1,6],
$ =
2 + 2
2
; Ts(k) =  cos k+ 2[cos ksi(k)− sin kci(k)]:
Then the expression for the kernel takes the following form:
Km(; ) =−k2
Z 1
0
Gm(; ) Rm(; ) d− k3
Z 1
0
Gm(; ) ~Rm(; ; k) d
− ik3pJm−1=2(k)
Z 1
0
Gm(; )Jm−1=2(k)
p
 d: (8.8)
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We note that for this case the asymptotic representation for the kernel of the integral equation and
the asymptotic expressions for the force on the plate can be also obtained.
9. Concluding remarks
In this paper, we have presented an extension of the dual equations method for the DP for a circle
plate on free surface. The DP was formulated as a system of the dual integral equations and it was
reduced to a Fredholm integral equation of the second kind.
The important feature of this approach consists of the presence of weak singular integrable func-
tions of two variables in the expressions for the kernel of the integral equation. This method allows
to investigate deep=shallow water and long-wave approximation in the terms of this function. It can
be applied for the radiation problem.
Appendix
1. Two relations for Bessel functions with the half-integer order. They follow from the theory of
Bessel functions [1,6]
 Jm−1=2() = −m−1=2
d
d
[m+1=2Jm+1=2()]; (A.1)
J1=2() =
s
2

0
@ cos 
sin
1
A : (A.2)
2. A pair of discontinuous integrals for a multiplication of the Bessel functions with the integer
and half-integer order [2,13]
Z 1
0
Jm+1=2() Jm(r)
p
 d=
s
2

rmh(− r)
m+1=2
p
2 − r2 ; (A.3a)
Z 1
0
Jm−1=2() Jm(r)
p
 d=
s
2

m−1=2h(r − )
rm
p
r2 − 2 ; (A.3b)
where h() = (1; > 0; 0; < 0) is the step function.
3. An integral representation for Bessel functions. It can be derived from (A.3b) as Hankel
transform
Jm(r) =
s
2
 r
−m
Z r
0
m+1=2p
r2 − 2 Jm−1=2() d: (A.4)
4. A Hankel transform for Jacobi polynomials [2,12,10]:Z 1
0
m+1=2
p
1− 2 Pm−1=2;1=2n (1− 22)Jm−1=2() d=
p
2
 (n+ 3=2)
n!3=2
J1+2n+m(): (A.5)
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5. Orthogonality relationship for Jacobi polynomials [1,6]:Z 1
0
Pm−1=2;1=2n (1− 22)Pm−1=2;1=2‘ (1− 22)2m
p
1− 2 d= Nm‘ ‘;n ; (A.6)
where ‘;n is the Kronecker’s symbol, and
Nm‘ =
 (m+ ‘ + 12) (‘ +
3
2)
‘!(m+ 2‘ + 1) (m+ ‘ + 1)
:
7. A representation of the singular Dirac’s function  through Hankel integral transform [11]:Z 1
0
J() J() d=
1

(− ): (A.7)
8. Integral and series representation for the integral trigonometric functions [1,6]:8<
:
ci
( )
si
9=
;=−
Z 1
 
8<
:
cos
(y)
sin
9=
; dyy ; (A.8)
ci( ) = + ln  +
1X
j=1
(−1) j 2j
(2j)!(2j)
; si( ) =−
2
+
1X
j=0
(−1) j 2j+1
(2j + 1)!(2j + 1)
; (A.9)
where  is Euler’s constant.
9. An integral representation for multiplication of Bessel functions. Based on the addition relation
for Bessel function [1] we gets

2 J1=2() =
1X
j=0
( j + 1=2)Jj+1=2()Jj+1=2()Pj():
We invert this equality based on complete set of the Legendre polynomials. Multiplying both sides
of this equality by Pm(), integrating with respect to  over  2 [− 1; 1] and taking into account the
orthogonality relation for the Legendre polynomials, one derives the desired representation
Jm−1=2()Jm−1=2() =
1

p

Z 1
−1
sin 

Pm−1() d: (A.10)
10. An integral representation for Bessel functions [1]:
Jm() =
21−mp

m
 (m+ 1=2)
Z 1
0
(1− 2)m−1=2cos  d: (A.11)
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